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Abstract 

In this work we investigate solvable and nilpotent Lie groups with special metrics. The metrics of 
interest are left-invariant Einstein and algebraic Ricci soliton metrics. Our main result shows that the 
existence of a such a metric is intrinsic to the underlying Lie algebra. More precisely, we show how one 
may determine the existence of such a metric by analyzing algebraic properties of the Lie algebra in 
question and infinitesimal deformations of any initial metric. 

Our second main result concerns the isometry groups of such distinguished metrics. Among the 
completely solvable unimodular Lie groups (this includes nilpotent groups), if the Lie group admits such 
a metric, we show that the isometry group of this special metric is maximal among all isometry groups 
of left-invariant metrics. We finish with a similar result for locally left-invariant metrics on compact 
nilmanifolds. 

1 Introduction 

Our primary interest in this work is (left-invariant) Einstein metrics on non-compact Lie groups. All known 
examples of such metrics occur on solvable Lie groups. In fact, all known examples of non-compact homo- 
geneous Einstein metrics are isometric to solvable Lie groups with left-invariant metrics; this is the content 
of the well-known Aleksccvskii conjecture which has been verified in dimensions 4 and 5 [Jen69 ; NikOSj. We 
restrict ourselves to this class of Lie groups and ask when such a group admits an Einstein metric. 

The answer in the compact setting is well-known. If a compact group G admits an Einstein metric, then 
either 



(i) G is a torus (zero scalar curvature) or 

(ii) G is a compact semi-simple Lie group (positive scalar curvature). 



The first case of Ricci flat follows from a general result of Alekseevskii-Kimelfeld where it is shown that any 
homogeneous Ricci flat space is actually flat |AK75| . For the positive scalar curvature case, such metrics 
are characterized as critical points of the total scalar curvature functional |Jen71j . On compact semi-simple 
groups, Einstein metrics are not unique and most groups admit at least 2 such metrics (this is in sharp 
contrast to the solvable setting, where Einstein metrics are unique up to isometry and scaling). 

We observe that the existence of an Einstein metric on a compact Lie group is completely determined 
by the underlying Lie algebra. The flat case corresponds to abelian Lie algebras. The positive case is 
characterized as follows. Let g denote the Lie algebra of G, then G is compact semi-simple if and only if the 
Killing form B(X, Y) = tr(ad X o ad Y), with X, Y £ 0, is negative definite. 

Our work is motivated by, and seeks to answer, the following questions. 

Question 1.1. Given a solvable Lie group, how can one determine if it admits an Einstein or solsoliton 
metric? 

Question 1.2. // a solvable Lie group is known to admit an Einstein or solsoliton metric, how does one 
find it? 
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As the curvature tensors of left-invariant metrics are left-invariant, the above questions reduce to studying 
inner products on a given Lie algebra. More precisely, consider a solvable Lie algebra g with corresponding 
Lie group G. Let (•, •} be an inner product on g with corresponding left-invariant metric on G. The Ricci 
curvature of (G, (•,•)) is completely determined by its values on g (by left-invariancc) and is given by the 
formula 

r lC (X,X) = -i^|[X,^]| 2 -l^([X, [XMX^ + ^^X^Xf-^Z^X) 

i i i,j 

where {X{\ is an orthonormal basis of g and Z 6 g is the unique vector satisfying (Z, X) = tr(ad X). Observe 
that the Ricci curvature is completely determined by the Lie bracket and inner product on g. Denoting the 
(1, 1)-Ricci tensor by Ric, Question II .11 may be rephrased as follows. 

Question. When does there exist an inner product (•, •} on q, such that 

Ric=cld + D (1.1) 

for some ceE and some D 6 Der(g) ? 

Here Der(g) denotes the algebra of derivations of g. Terminology: when D = 0, the metric is called an 
Einstein metric; when D / 0, the metric is called a solsoliton. Solsolitons are algebraic examples of Ricci 
solitons, see Section [2] 

Our main result shows that a definite answer to Question 11.11 can be obtained by analyzing only local 
data: algebraic information about the underlying Lie algebra and infinitesimal deformations of any metric; 
see Section \W\ for complete details and the procedure referenced by the following theorem. 

Theorem llO.lt Let G be a solvable Lie group with Lie algebra g. The existence of a left-invariant Einstein 
metric on G can be determined by analyzing the following: 1) adjoint action of Q on itself, 2) the commutator 
subalgebra n = [g,g], and 3) infinitesimal deformations of any initial metric on n. 

Remark. The existence of an Einstein metric on a solvable Lie group is now a local question. Similarly, 
one can formulate the question of existence of a solsoliton in terms of local data. 

In general, the existence of an Einstein or Ricci soliton metric is not a local question. It might appear 
at first glance that the existence of left-invariant Einstein metrics on Lie groups is a local question since the 
verification of Equation 1 1 . 1 1 uses only the inner product and Lie bracket on g. However, asking if a Lie group 
admits such a metric amounts to asking if there exists a zero of the function \\Ric g - ^-Id\\ 2 on the open 
set of inner products. It is not clear if this is a local question for non-solvable Lie groups; e.g., there does 
not exist a solution when the Lie algebra is s^K. 

In the setting of compact homogeneous spaces G/H, the Einstein question has received a great deal of 
attention and there are some partial results on the existence of such metrics. For example, if G is a compact 
semi-simple group and H is a maximal connected subgroup of G, then G/H admits a G- invariant Einstein 
metric [WZ86] . However, there exist many examples of homogeneous spaces G/H which don't admit G- 
invariant Einstein metrics. Presently, there are not any general, local conditions that guarantee/exclude the 
existence of such metrics on compact homogeneous spaces; sec [BWZ04 for the current state of research. 

Our work builds on the strong structural results of Heber }Heb98| and Lauret |Lau07l . These works take 
the first step in reducing the problem on the solvable group to a smaller solvable group, a one dimensional 
extension of a nilpotent group. This smaller solvable Lie group admits an Einstein metric if and only if 
its nilradical admits a so-called nilsoliton metric and the underlying Lie algebra is the extension of the 
nilradical by a so-called pre-Einstein derivation. Reducing the problem to analyzing the nilradical is an 
algebra problem. 

To study the nilradical we build on the work of Nikolayevsky |Nik08aj . Using a combination of measuring 
algebraic information and infinitesimal deformations of metrics on the nilradical, we translate the Einstein 
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problem into a local problem. (While we could skip this analysis on the nilradical and couple our techniques 
directly with the work of Heber |Heb981 Section 6] , we present our results in the given framework as these 
methods extend directly to solsoliton and nilsoliton metrics. See Section [S] for more details.) 

Our second main result is an algebraic decomposition theorem for solvable groups admitting Einstein 
metrics. If one were to classify the solvable groups admitting Einstein or solsoliton metrics, one would want 
to construct such groups from basic building blocks. The question of existence of an Einstein or solsoliton 
metric can be reduced to the case that the underlying Lie algebra is indecomposable. 

Theorem 14.81 Let G be a solvable Lie group whose Lie algebra = 0i +02 is a direct sum of ideals. Then G 
admits a non-flat solsoliton, resp. flat, metric if and only if both G\ and Gi admit non-flat solsoliton, resp. 
flat, metrics. 

Corollary 14.91 Let G be a solvable Lie group whose Lie algebra = 0i + 02 is a direct sum of ideals. Then 
G admits an Einstein metric if and only if both G\ and G2 admit Einstein metrics of the same sign. 

Remark. A similar decomposition result has appeared for nilsolitons and nilpotent Lie groups, see \Nik 08a I 
and \Jab08af . To our knowledge, the above algebraic decomposition theorem is the first of its kind for 
homogeneous Einstein spaces. It would be interesting to know if there is a similar theorem in the compact 
setting; there are some partial results of Bohm in this direction \Bdh04 Theorem B]. 



In addition to providing a local formulation of the existence of such a metric on a solvable Lie group, we 
demonstrate how to recover such metrics by following two natural curves of metrics (see Proposition 15.41) . 
Using these curves, we demonstrate that solsolitons (when they exist) are the most symmetric metric on 
completely solvable unimodular Lie groups (this class includes nilpotent Lie groups). 

Theorem 15.81 Let S be a completely solvable unimodular Lie group that admits a solsoliton metric. Let 
g be any left- invariant metric. Then there exists a left-invariant soliton metric g' such that Isom(S,g) C 
Isom(S, g'), as groups. 

This result is extended to compact nilmanifolds with local nilsoliton metrics in Theorem 16.31 

Table of Contents. Section [2] reviews information on Lie groups with left-invariant metrics. Section [3] 
discusses the space of Lie brackets, moment maps, and distinguished orbits. Section |4] compares the existence 
of solsoliton metrics and distinguished orbits. Section [5] studies the bracket flow with applications to finding 
solsoliton metrics and comparisons of isometry groups. Section |6] states results on compact nilmanifolds. 
Section [7] discusses the stratification of the space of Lie brackets. Section [5] covers pre-Einstein derivations 
and the previous work of Nikolayevsky. Sections [9] and [10] show the existence of nilsoliton and Einstein 
metrics are intrinsic to the underlying Lie algebra, respectively. 



2 Riemannian Lie groups 

A Lie group G is called a Riemannian Lie group if it is endowed with a left-invariant metric. The following 
question motivates much of our work. 

Question 2.1. Among left-invariant metrics on a given Lie group, is there a canonical or preferred choice 
of metric? 

Special metrics are often characterized as those having good curvature properties or as solutions to 
some extremal problem. For example, we are interested in metrics satisfying one or several of the following 
conditions 



3 



1. Nice curvature properties or curvature tensor 

2. Critical points of a Riemannian functional on the set of metrics 

3. More generally, fixed points of a dynamical system 

4. Large group of isometrics 

Classically, spaces with constant sectional and Ricci curvature have been investigated as preferred metrics 
on a manifold; the later are known as Einstein metrics. We are interested in left-invariant Einstein metrics 
when they exist; however, many of our Lie groups are not able to admit left-invariant Einstein metrics. For 
example, any non-abelian nilpotent Lie group cannot admit an Einstein metric |Jen691 IMil76] and many 
solvable Lie groups do not admit Einstein metrics (cf. Theorem 15. lip . 

Given that many of our Lie groups will not be able to admit an Einstein metric, we explore alternate 
metrics in search of one which is 'distinguished' or preferred in some way. One natural generalization of the 
Einstein metric is the so-called Ricci soliton metric. A metric g is called a Ricci soliton if there exists a 
complete vector field X G X(G) and constant c G R such that 

ric g = eg + C x g 

where Cx is the Lie derivative generated by X. These metrics arise as special solutions to the Ricci flow 
which are of the form g(t) = c(t)ip*(t)g where c(t) is a real- valued function and ip(t) is the 1-paramctcr group 
of diffcomorphisms that generates X G £(G). Hence, Ricci solitons can be viewed as generalized fixed points 
of the Ricci flow on the space of metrics modulo diffcomorphisms; see |CK04] for an introduction to Ricci 
flow and Ricci solitons. 

On a Riemannian Lie group G there is a very natural kind of Ricci soliton, which we call an algebraic 
Ricci soliton, or algebraic soliton for short. A left-invariant metric g is called an algebraic soliton if the Ricci 
tensor (evaluated at the identity e G G) is of the form 

Ric = eld + D 

for some D G Der(g). In the above equation, we have written the Ricci (1, l)-tensor Ric instead of the (2, ex- 
tensor ric as in the definition of Ricci soliton above; this is done for ease of presentation. The derivation 
D generates the 1-parameter family of automorphisms ip(t) = exp(tD) which is the corresponding family of 
diffcomorphisms from the definition of Ricci soliton. 

Remark. 1) By left-invariance of the metric on G, it suffices to only prescribed the value of Ric at e G G. 
2) Presently, the only known examples of Ricci solitons on Riemannian Lie groups are algebraic solitons and 
these are only known to exist on solvable Lie groups. 

When G is a nilpotent group, such a metric is often called a nilsoliton in the literature and if G is solvable, 
such a metric has been called a solsoliton. 

Nilpotent Lie groups 

As nilpotent Lie groups cannot admit Einstein metrics, we will search for left-invariant Ricci soliton metrics 
on such spaces. These metrics satisfy several of the criteria listed above for being a preferred metric. Before 
stating the next theorem, we need some notation. Given a nilpotent Lie group G, denote by MP the set of 
left G-invariant metrics on G (i.e. inner products on g). Recall that Rich is left G-invariant for h G A4 G . 

Theorem 2.2. fLauOlalUaTW/ 

i. (Algebro-analytic characterization) 

Every left-invariant Ricci soliton on a nilpotent Lie group G is an algebraic soliton, that is, 

Ric = eld + D 

for some D G Der(g). 
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ii. (Variational characterization) 

A metric j£M G is a nilsoliton if and only if g is a critical point of the functional 

_ tr Ric\ 
F{h) ~ 

on Ai G , where sc(h) denotes the (constant) scalar curvature of (G,h). (This functional makes sense 
as a real-valued function by left-invariance of Ric.) 

Hi. (Uniqueness) 

If a nilsoliton exists on G, then it is unique (up to isometry) after prescribing the scalar curvature. 

Remark 2.3. The above results are primarily due to Lauret llLauOlaf . Part ii. was originally proven where 
the functional considered was on the space of Lie brackets, this result has been extended to the setting of 
left-invariant Riemannian metrics in \ Jab 10^ where new convergence results are also obtained. 

There is a small gap in the original proof of Part i. above. In that work, it is shown that if the metric is 
a soliton, then there exists a derivation D G Der(o) such that Ric = eld + \{D + D 1 ). The gap is fixable 
by showing that there exists such D satisfying D l G Der(o); this will appear in a future work of that author 

Observe that g € A4 G is a nilsoliton if and only if g is a critical point of the functional 

F(h) = tr Ric 2 h 

along the set {h G M. G \ sc(h) = sc(g)}. A similar functional can be studied on compact nilmanifolds, see 
Section [6l 

In the sequel, we will see that nilsolitons have maximal isometry groups among all left-invariant metrics. 
More precisely we have the following result, see Corollary 15. 91 

Corollary Let G be a nilpotent Lie group which admits a nilsoliton metric. Let g 6 A4 G be any left-invariant 
metric on G. Then there exists a nilsoliton g' G A4 G on G such that Isom(g) C Isom(g'). 

Remark 2.4. In this way, we see that nilsolitons are the most symmetric left-invariant metric on a nilpotent 
Lie group. However, there are other non-soliton metrics which can have the same isometry group. It 
would be interesting to know which other geometric properties these highly symmetric nilmanifolds share with 
nilsolitons. 

The property of being an Einstein nilradical is intrinsic to the underlying Lie algebra. Moreover, one can 
verify this via an algorithm, see Theorem 19.11 and Section GO 

Theorem Let N be a nilpotent Lie group with Lie algebra n. The existence of a nilsoliton metric on 
a nilpotent Lie group N can be determined by analyzing the derivation algebra Der(n) and infinitesimal 
deformations of any initial metric on n. 



Solvable Lie groups 

The analysis of Riemannian solvable Lie groups splits into two distinct sets: unimodular and non-unimodular 
groups. A Lie group G is called unimodular if \det(Ad(g))\ = 1 for all g G G. Notice, in particular, that 
tr ad(X) = for X G when G is unimodular. If G is not unimodular it is called non-unimodular. 

Within both these classes of solvable Lie groups, we are interested in those which are completely solvable. 
A solvable group G is called completely solvable if ad(X) : g — > g has only real eigenvalues, for all X G g. 
Observe that nilpotent Lie groups are unimodular completely solvable, with eigenvalues all zero. 

As (non-abelian) solvable Lie groups are non-compact, any left-invariant Einstein metric on such a group 
must have scalar curvature less than or equal to zero by Bonnet-Myers theorem. We recall the following 
result (cf. |DM82lRK75l l. 
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Theorem 2.5 (Aleksecvskii-Kimel'ferd, Dotti). Let G be a solvable Lie group with left-invariant Einstein 
metric. 

1. The scalar curvature is negative if and only if G is non-unimodular, and 

2. The scalar curvature is zero if and only if G is unimodular. 

In the case of Ricci flat, the metric is actually flat (i.e., constant zero sectional curvature). 

In |AK75| it is actually shown that any homogeneous Ricci flat space must be flat. Lie groups with flat 
left-invariant metrics are necessarily unimodular solvable and have been classified }Mil76j . 

Theorem 2.6 (Milnor). A Riemannian Lie group G is flat if and only if its Lie algebra q (with inner 
product) splits as an orthogonal direct sum g = ctffin where n is an abelian ideal (the nilradical) and a is an 
abelian Lie algebra such that ad X is skew- symmetric for l£a. Such G is necessarily solvable. 

Given the simple algebraic structure of these solvable Lie groups, one may classify the solvable Lie groups 
admitting flat metrics. These are the groups whose Lie algebras are constructed as follows (cf. Theorem 
I5.11l where the negative Einstein case is considered). 

Proposition 2.7. Let n be an abelian Lie algebra and a C Der(n) an abelian, reductive subalgebra of 
derivations, all of whose elements have purely imaginary eigenvalues. If G is a (solvable) Lie group whose 
Lie algebra is the semi-direct product a © n ; then G admits a flat metric. Conversely, every such solvable 
group arises this way. 

Proof. Picking a basis of n, we may identify it with R™. Via this identification, the abelian, reductive algebra 
a c g[(n,R). 

It is well-known that there exists an inner product on W L such that a is stable under the transpose 
operation, see |Mos55j . As the eigenvalues of every element in o are purely imaginary, we see that a consists 
of skew-symmetric derivations. Now Milnor's theorem above applies. □ 

As the unimodular solvable Lie groups admitting Einstein metrics are understood, our attention is dedi- 
cated to analyzing the non-unimodular solvable groups admitting Einstein metrics and both kinds of solvable 
groups which admit solsoliton metrics. As in the case of nilpotcnt Lie groups, solsolitons (including Einstein 
metrics) have several rigid properties. The following results may be found in |LaulO| . 

Theorem 2.8 (Lauret). Let (G,g) be a solvable Riemannian Lie group with metric Lie algebra (g,<?). Let 
n be the nilradical of g (with induced metric) and a = n , so that g = o © n. 

i. (Structural results and the standard property) 

The Riemannian Lie group G is a solsoliton (i.e. Ric = cld + D) if and only if 

a) (n, g) (with the induced metric) is a nilsoliton 

b) a = n 1 - is abelian 

c) (ad A) 1 £ Der(g) (or equivalently, [ad A, (ad A) f ] =0) for all iea. 

d) g(A,A) = =±tr S{ad A) 2 for all A e a, where S(ad A) = \(ad A + (ad AY) 

ii. (Solsolitons are not shrinkers) 

The constant c satisfying Ric = cld + D satisfies c < 0. Moreover, if c — then D = and the metric 
is flat (cf. Theorem \2.6\) . This says solsolitons are either so-called steady or expanding Ricci solitons 
(as opposed to shrinking solitons). 

Hi. (Uniqueness) 

If a solvable Lie group admits a solsoliton, then it is unique (up to isometry) after prescribing the scalar 
curvature. 

Observe that Part i.d) implies that the eigenvalues of ad A are not all purely imaginary, for any A £ a. 
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Remark 2.9. 1) There does exist a variational characterization for Einstein solvmanifolds with codimen- 
sion 1 nilradical which realizes these spaces as critical points of a 'modified scalar curvature function' (see 
\Lau01bf ). 2) As in the case of flat Einstein metrics, we have a characterization of solvable Lie groups which 
admit Einstein and solsoliton metrics, see Theorem \5.11\ and Corollarv \5.12\ 

Let G be a solvable unimodular Lie group. If G admits a non-trivial solsoliton, it cannot admit a (flat) 
Einstein metric, and conversely, if G admits a (flat) Einstein metric, it cannot admit a non-trivial solsoliton. 
In this way, solsolitons are a preferred metric on unimodular solvable groups that cannot admit (flat) Einstein 
metrics. This preference is defended by the following, see Theorem 15.81 

Theorem. Let G be unimodular completely solvable Lie group which admits a solsoliton metric. Given any 
left-invariant metric g, there exists a solsoliton metric g' such that Isom(g) C Lsom(g'). 

Remark 2.10. Presently, we do not have such a theorem when the group is not completely solvable or for 
nonunimodular solvable Lie groups. Our techniques do allow one to embed a large portion of the isometry 
group of any metric into the Einstein or solsoliton metric, however they do not allow one to embed the entire 
isometry group. This question will be addressed in future work. 

Isometry groups 

The group of isometries of a Riemannian solvable Lie group is particularly simple when the group in question 
is a completely solvable unimodular group. The following is Theorem 4.3 of |GW 88 . 

Theorem 2.11 (Gordon- Wilson). Let G be a completely solvable unimodular Lie group with left-invariant 
metric g. The full isometry group is a semi-direct product 

Isom(G,g) = K kG 

where K C Aut(G) is the isotropy subgroup of Lsom(G, g) preserving the identity e € G. Under the natural 
identification Aut(G) ~ Aut(o) we have K ~ Aut(o) ClO(g), where O(g) is the orthogonal group of the inner 
product g on Q. 

Observe that this theorem covers the case of any Riemannian nilpotent Lie group. 

Definition 2.12. Let {G,g) be a Riemannian Lie group. The group G x (Lsom(g) n Aut(G)) is a subgroup 
of isometries which we call the algebraic isometry group. 

The above theorem says that the algebraic isometry group of a completely unimodular solvable group is 
the whole isometry group. For non-unimodular solvable groups, it is well-known that the full isometry group 
is significantly larger than its algebraic isometry group jGW88| . 

3 The Variety of Lie Brackets 

A Lie group G with a left-invariant metric ( , ) gives rise to a metric Lie algebra {q, ( , }}, where g is the Lie 
algebra of G and the inner product on q is the restriction of the left-invariant metric to T e G ~ q. Conversely, 
a metric Lie algebra gives a left-invariant metric on any Lie group with said Lie algebra. We are primarily 
interested in simply-connected Lie groups. 

We say that two metric Lie algebras {qi, ( , )i} and {q2 1 ( , }2} are isomorphic if there exists a Lie 
algebra isomorphism <j> : Qi — > Q2 such that ( , )i =</>*( , Such an isomorphism lifts to give an isometry 
between the simply-connected Riemannian Lie groups {Gi, ( , }} — > {G2, ( , )}. In general, most isometrics 
do not arise this way, however, for nilpotent and some solvable groups, this is how all isometries arise (see 
Theorem ETJ). 

To obtain good information on Riemannian Lie groups, we study metric Lie algebras by considering a 
metric Lie algebra as a collection of three objects: a vector space R n , a Lie bracket [•, •] and an inner product 
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(•)•). We use what is becoming a standard technique and convert our questions into a frame work that can 
exploit deep theorems from Geometric Invariant Theory: Instead of fixing a Lie algebra and varying an inner 
product on it, we choose to fix an inner product and vary the underlying Lie algebra structure (within the 
same isomorphism class). 

For g G GL(n,R), we may consider a different (and isomorphic) Lie bracket <?*[-,-] = sis -1- ) <?~ 1- ] and 
the inner product g*(-, •) = (g ■, .9 -1 ')- The following are isomorphic metric Lie algebras 

{R n ,g*[; ■},(;■)} * {MM-, ■},(g- 1 r(;-}} 

via the isomorphism g _1 : R™ — > R™. 

We now fix an inner product (the usual one) on R n and study the collection g* [■,■], g G GL(n,R). It is 
helpful to study not just this collection of isomorphic Lie algebras on R™, but instead to study all Lie algebra 
structures on R™. Consider the vector space V = A 2 (R n )* ® R ra , the space of anti-symmetric, bilinear maps 
from R" x R™ — >• R™. This vector space is endowed with a natural GL(n,R) action: 

(9* [v])(«) w) = g[g~ 1 v,g~ 1 w] 

for g G GL(n,M), v,w £ R". Via differentiation, we also have an action of Ql(n, R) on V. Given X G g[(n,R) 
and v, w G R", we have (X ■ [■, -})(v, w) = X[v, w] — [Xv, w] — [v, Xw}. 

The points of V can be thought of as anti-symmetric algebra structures on R™, and two algebra structures 
are isomorphic if and only if they lie in the same GL(n, R)-orbit. Any Lie bracket [•, •] on R ra can be realized 
as a point in V and the subset 

V = {/i G V | fi satisfies the Jacobi identity } 

is a variety in V whose points are the Lie brackets on R". Additionally, we will restrict our attention to 
some interesting subsets of V: let Af denote the Lie brackets which are nilpotent, S denote the Lie brackets 
which are solvable, and CS denote the Lie brackets which are completely solvable (cf. Section [2]). We have 
the following containments 

Af G CS c S 

These subsets are all closed in V. We will often abuse language and refer to /i G V as a Lie algebra, when 
we really mean the pair {R n ,/i}. 

Given a Lie bracket [i G V, we will denote by s M the metric Lie algebra {R™, [-, ■], (•, •)}; the corresponding 
simply connected Lie group with left- invariant metric will be denoted by S^. 

Remark 3.1. For k G 0(n,R), the groups and Sk-^ are isometric. However, in general, one often has 
Sfj, and S\ which are isometric but X G" 0(n,R) • fi. 

As it will be of interest later, we point out that the stabilizers of the actions of GL n M. and fl[„R have 
relevant meaning: (GL„R)„ = Aut(n) and (gI n R)„ = Der(/j,). 

The moment map and geometry of orbits 

The geometry of GL(n, R)-orbits in V is intimately connected to algebraic properties of the Lie group 5 M 
associated to n and geometric structures that the group can admit. For example, consider the induced action 
of SL(n, R) on V. For /i G V, SL(n, R) ■ fi is closed in V if and only if /i is a semi-simple Lie algebra, see 
|Lau03j . 

When fi is nilpotent, it is known that so-called distinguished orbits (which are generalizations of closed 
orbits, sec Definition [32]) correspond precisely to nilpotent Lie groups which admit left-invariant Ricci soliton 
metrics, see Theorem 13.31 In the sequel, we show that distinguished orbits also play an role in the study of 
solvable Lie groups and solsolitons. 
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Before defining distinguished orbits, we must define the moment map of a representation of a reductive 
group. The moment map defined here works for non-compact groups and is a natural extension of the usual 
one defined for compact groups, cf. |E J09) . 

The group GL(n, R) is endowed with the Cartan involution 9(g) = (<?*) -1 , where ** denotes the transpose 
operation. By differentiating, we have an involution on R) as well, which we denote by the same symbol: 
6(X) = -X 1 . 

These involutions gives rise to so-called Cartan decompositions 

GL(n, R) = KP gl(n,R)=«©p 

where K = 0(n) = {g E GL(n, R) | 9(g) = g}, P = {g E GL(n, R) | 9(g) = g- 1 }, { = LieK = so(n) = 
{X E g[(n,R) | 9(X) = X}, and p = symm(n) = {X E 0l(n,R) | 9(X) = -X}. Here symm(n) denotes the 
symmetric n x n matrices. Additionally, P = exp(p), where exp is the Lie group exponential. 

Let G be a real algebraic reductive subgroup of GL(n,M.) which is 0-stable. For such groups, we obtain 
a Cartan decomposition G = KqPq where Kq = Ki~)G = G = {gEG | 9(g) = g} is a maximal compact 
subgroup of G and Pq = P n G = {g E G | 9(g) = g^ 1 }. Similarly, the Lie algebra g = Lie G has a Cartan 
decomposition = 6g © Pg- Often we will drop the subscript G when the group is understood. 

The (usual) inner product on R n extends of an 0(n)-invariant inner product ( , ) on the vector space 

V = A 2 (R")* ® 1" as follows 

(A,/i> = ^(A(e 4 ,e J ),pi(e l ,e J )} = ^2(X(e i ,e j ),e k )(fj,(e i ,e j ),ek) 

i<j i<j 

where {e^} denotes the standard orthonormal basis of R n . If we denote by ir the representations of GL(n,M) 
and gl(n,R) on V, then it is immediate to see that Tr(g t ) = n(g) t and 7r(X*) = 7r(X)*, for g E GL(n,M) and 
X E Ql(n, R), where the right-hand side represents the metric adjoint with respect to the inner product ( , ) 
on V. 

On gl n R, we consider the standard inner product 

(a, /3) =tr =^(ae 4 ,/3 ei ) 

where t denotes transpose, tr is the trace, and {e^} is the standard orthonormal basis of R". This inner 
product is Ad(K)-mvariant and ad(a') = (ad(a))* for a E £}I„R. Observe that this inner product restricts 
to any 0-stable subalgebra g. 

Given the above choices of a Cartan involution on q, and inner products on g and V, we may define the 
moment map rag : 1^\{0} — > p for the action of G on V . This function is defined implicitly by 

(m G (v) 7 a) = ^..„ (7r(a)v : v), VaEp,vEV 
\\ v \\ 

Observe that mc is fixed under rcscaling in V and is X-cquivariant; that is, for c E R, m(cv) = m(v) and 
for k E Kg, mc(k ■ v) = Ad(k)mG(v)- When the group G is understood, we will simply write m = mo. 
Using the inner product on q, we consider the norm squared of the moment map 

F(v) = \\m\\ 2 : V\{0} -> R 

Notice that this function is invariant under rcscaling in V and so it may be viewed as a function on spheres in 

V or on projective space PV. The critical points of this function have been extensively studied so as to develop 
a good understanding of the so-called 'nullcone' of complex representations, see |Kir841 [NM84, M arOlj . 
Moment maps have also been used to study general representations of non-compact real reductive groups to 
study the geometry of orbits, see e.g. |RS901 IEJ091 IJab08bj . 

Definition 3.2. An orbit G ■ v C V is called distinguished if it contains a critical point of the function 
F= |H| 2 . 
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Observe that v £ V is a critical point of F if and only if ir(m(v))(v) = rv for some rgl. It is a fact 
that any closed orbit is distinguished with critical value and so these orbits are a natural generalization of 
closed orbits, see | Jab08bj . The following theorem motivates a deeper study of ||m|| 2 on TV C V. 

Theorem 3.3 (Lauret). Let denote the simply connected nilpotent Lie group with left-invariant metric 
whose Lie algebra n M (with inner product) corresponds to the point fx G M . Then is a nilsoliton if and 
only if fj, is a critical point of F(v) = ||m|| 2 (i>). Equivalently, is an Einstein nilradical if and only if the 
orbit GL n M. ■ \i is distinguished. 

In this way, we convert our questions of left-invariant metrics on Lie groups into questions about the 
geometry of orbits in the space V. By analyzing the geometry of orbits, we obtain our algorithm that 
determines when a given nilpotent Lie group is an Einstein nilradical, see Section [5] 

The above theorem can be found in |Lau08j . The last equivalence is not stated using the label of 
distinguished orbit but is stated using the idea. In Section 10 of |Lau08j there are several open questions of 
interest which are presented. We state Question # 5 from this list. 

Question 3.4. Consider the function F : V — > R defined by F(v) = \\m(v)\\ 2 where m is the moment map, 
as above. Define fi t to be the integral curve of —grad F starting at (Iq on the sphere of radius 2. Is [i^ (the 
limit point along the integral curve) contained in the orbit GL n M. ■ if N^ is an Einstein nilradical? 

In Theorem 14.21 we obtain an affirmative answer to this question. This result first appeared more gen- 
erally in |Jab08bj . where this was shown to be true for distinguished orbits in any real reductive algebraic 
representation. 

Remark 3.5. Geometrically, the moment map can be understood as follows. When fj, is a nilpotent Lie 
algebra, m(/i) = 4Ric(N^). Moregenerally, if \i is any Lie algebra with corresponding Lie group S^, then 
= AR where R is the tensor appearing in the formula 

Ric = R B — S(ad H) 

here Ric is the Ricci tensor of S^, B is the Killing form of the Lie algebra /i and S(ad H) = i(arf H+ad H f ), 
where ad H is a mean curvature vector. See \Bes08\ Corollary 7.38] and \Laul(K Section 4] for more details. 



4 Soliton metrics and distinguished orbits 
Soliton metrics on nilpotent Lie groups 

In the above section, we stated the relationship between nilsoliton metrics and critical points of the function 
F = ||?ri|| 2 : they are precisely the same thing, see Theorem 13.31 As such, we are motivated to study the 
negative gradient flow of F. 

Definition 4.1 (The bracket flow). Let \x t C V denote the negative gradient flow of F starting at fiQ G V. 

In Proposition [5?2l it will be seen that the limit of this flow is unique. We denote this limit point by /Zoo- 

Theorem 4.2. Let iV^ be an Einstein nilradical. Let //qo denote the limit point of the negative gradient 
flow of the function F starting at /xo. Then \ioc is contained in the orbit GL n M. ■ [io; i-e. and JV Moo are 
isomorphic Lie groups. 

A more general result of this type is true for distinguished orbits and is useful for studying the geometry 
of solvable Lie groups, see Section [5] In the setting of nilpotent Lie algebras, the proof can be shortened 
dramatically by employing the stratification results of Lauret (see Theorem 17. ip . In addition, we obtain 
some new and interesting geometric results on isometry and automorphism groups of nilpotent Lie groups 
using the techniques from this proof, see Corollary 15.91 and Proposition 17.61 
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The above relationship between Einstein nilradicals and distinguished orbits has been studied extensively 
in the literatu re, see e.g. |Lau01al IWil031 |PaylO[ ILW071 IEbe081 IJab08bl INik08al INik08bl INik08cl INik08dl 
IWillOi IJab09j . Motivated by this, we explore the relationship between distinguished orbits and soliton 
metrics on solvable groups. 

Definition 4.3. A Riemannian Lie group is said to have a distinguished metric if fj, is a critical point 
of F = 1 1 777, 1 1 2 for the action of GL(n,M) on V (defined above). 

For a geometric interpretation of the moment map, see Remark 13.51 
Einstein and soliton metrics on solvable Lie groups 

Proposition 4.4. If is a solvable group admitting an Einstein or solsoliton metric, then GL(n,R) • /i is 
a distinguished orbit. 

Proof. To prove this, one consults the work |Lau03j where complex Lie algebras are studied. All the results of 
that paper remain true for real Lie algebras with the Hcrmitian transpose replaced with the usual transpose. 
For a detailed proof of this fact, see |Jab08bj . We warn the reader that the moment map defined there is a 
multiple of the moment map defined here. If n denotes the moment map from |Lau03] and m denotes the 
moment map used in this work, then n = 2m. Our choice of moment map m is consistent with [Lau08, LaulOj 

Case 1: <S M admits a flat metric. If fi corresponds to the flat metric, then [i is also a critical point of 
F = ||m|| 2 , see |Lau031 Theorem 4.7]. 

Case 2: admits a non-flat solsoliton. We only prove this in the case that the nilradical of is 
non-abelian. The abelian case is similar and we leave it to the diligent reader. 

The proof of this case is just a careful comparison of [LaulOl Theorem 4.8] with |Lau031 Theorem 4.7]. 
The soliton metric and the distinguished metric differ only in their values on a x a, where a = n . If the 
nilradical (which is a nilsoliton in either case) satisfies Ric n = eld + D, for some D 6 Der(n), and has 
sc= —1/4, then the solsoliton metric on a is 

(A, A) = —tr S(ad A) 2 
c 

where S(ad A) is the symmetric part of ad A, while the distinguished metric on a is 

((A, A)) = - ■ —tr{ ad A (ad Af) 
2 c 

In |Lau03] . a is viewed as a subset of Der(n) with A ~ ad A. □ 
Remark 4.5. Observe that when is completely solvable, a stronger statement is true. In this case, 

((,)) = -(,) on ax a 

and the algebraic isometry groups (cf. Definition are equal: Aut(fi) nO((( , ))) = Aut(p) flO(( , )). 

Theorem 4.6. Let be a completely solvable group. Then admits a solsoliton if and only if GL(n, R) • /i 
is a distinguished orbit. Moreover, there is a curve of metrics between the distinguished metric and the 
solsoliton metric which preserves their algebraic isometry groups. 

In particular, when is unimodular, we see that these two Riemannian Lie groups have the same 
isometry groups. 

The claims in the first paragraph follow from the above observations. The last claim will be proved in 
Theorem EH 
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Remark 4.7. There are solvable groups which admit a distinguished metric, but cannot admit a solsoliton. 
For example, if n is a non-abelian Einstein nilradical and a C Der(n) is an abelian subalgebra of skew- 
symmetric endomorphisms, then S^ with s M = a k n cannot admit a solsoliton but does admit a distinguished 
metric. See Theorem \5.11\ and \Lau03l Theorem 4-V- 

The following has been shown for nilpotent groups in |Nik08a| and |Jab08aj , but has not appeared in the 
literature for solvable groups in general. The corollary which follows is of particular interest and it would be 
interesting to know if there is an analogous statement for compact homogeneous spaces admitting Einstein 
metrics. 

Theorem 4.8. Let be a solvable Lie group whose Lie algebra = s Ml + s^ 2 is a direct sum of ideals. 
Then admits a non-flat solsoliton, resp. flat, metric if and only if both and S^ admit non-flat 
solsoliton, resp. flat, metrics. 

Corollary 4.9. Let Sn be a solvable Lie group whose Lie algebra s M = s M1 + s M2 is a direct sum of ideals. 
Then Sn admits an Einstein metric if and only if both S^ and Su 2 admit Einstein metrics of the same sign. 

Proof of theorem. We prove the case that the solsoliton is not fiat. The flat case is similar and we leave it 
to the reader. 

One direction is trivial. Recall, a non-flat solsoliton with Ric = cLd+D satisfies c < by Theorem l2.8[ If 
admit solsolitons satisfying Ric^ = CiLd + Di, then one just needs to rescale so that c\ = ci. Endow 
with the product metric, i.e. the s Mi are orthogonal and the restriction to s lli is the aforementioned metric. 
Then s M , with fi = ^\ + is a solsoliton satisfying Ric^ = Ric^ © Ric^ 2 = c\Ld + (D\ © D^). 

We now show the converse. Recall that S^ admitting a solsoliton implies the orbit GL„IR-/j is distinguished 
by Proposition 14.41 However, this implies the orbits GL n M ■ \ii C A 2 (M rai ) © M. ni are distinguished, where 
Hi = dims^. (This has been proven in |Jab08a| Theorem 4.5] for nilpotent groups. However, the proof 
there only uses the fact that the orbits are distinguished and works in this setting with no modifications.) 

Assume now that fii are the distinguished points and write s Mi = © where is the nilradical and 
di is a reductive subalgebra (cf. jLau031 Theorem 4.7]). As s Mi are distinguished, the nilradicals admit 
nilsolitons by |Lau03[ Theorem 4.7]. 

Write = s Ml + s M2 = (ai + 02) + (tti + 1x2). As s p is solvable, we see that the reductive subalgebra 
a = ai + a2 is abelian and hence each is abelian. Furthermore, for any A £ a, we see that ad A : n — > n 
has no purely imaginary eigenvalues by the observations in the proof of Proposition 14.41 Thus, the solvable 
groups Sfj,. admit solsoliton metrics by either the observations in the proof of Proposition 14.41 or Theorem 
I5TT1 □ 

Remark. We point out for the concerned reader that the proof of Theorem \5.11\ does not depend on the 
previous theorem. 

Proof of corollary. The proof of the corollary follows immediately from the proof of the theorem and the 
fact that isomorphic distinguished points must be isometric. More precisely, isomorphic distinguished points 
lie in the same 0(n)-orbit, see Theorem l5.3l □ 

5 The bracket flow 

In this section we analyze the negative gradient flow of F = | |m| | 2 as the critical points of this function have 
geometric significance, see Theorems 13.31 and 14.61 

Let G be an 0-stable subgroup of GL(n,R), i.e. G is stable under the transpose operation. Let Kq 
denote the set of fixed points of 6(g) = (ff 4 ) -1 (cf. Section[3|). Denote the moment map of this group action 
by me an d consider the function F = ||?tig|| 2 with critical set €° . Denote the negative gradient flow of F 
by (ft; in the notation of Definition 14.11 y?t (Mo) = IH- I n t ne following way we consider limits of this flow. 
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Definition 5.1. The u> -limit set of tpt(j>) Q V is the set {q G V \ ft„{p) — > q for some sequence t n — > 
oo in K}. We denote this set by ui(p). 



The uniqueness of limits is a strong result and is due to the fact that F = \\m\\ 2 is real analytic, K- 
invariant, and that €° PI {sphere of radius \\p\\} H G ■ p C K ■ p (see theorem below). As the limit is 
well-defined, we will denote it by u>(p) — tpocip)- We point out that many of the following results can be 
proven without knowing that there is a unique point in the limit set. 

Theorem 5.3. fJab08af Consider p G € G . Then 

i. F{p) is a minimum of F restricted to G ■ p, 
ii. £ G n {sphere of radius \\p\\} H G ■ p C K ■ p, and 
Hi. lo(G ■ p) C Kq ■ P, i-e. foo(gp) G Kq ■ p for all g G G. 

The first two statements originally appeared in |KN78j for complex representations and in |Mar01) for 
real representations. In this way, we see that orbits containing critical points of F — ||to<3|| 2 are stable in 
the sense that the critical set is a global attractor of the negative gradient flow along the entire orbit. 

In the setting of GL n M. acting on V = A 2 (R™)* (g> K™, if /x G V is the Lie bracket of a solvable Lie group 
admitting a solsoliton, then the orbit GL n R ■ /j, contains a critical point of the function F = \\m\\ 2 (see 
Proposition 14. 4p . We use this below to recover Einstein and solsoliton metrics. 

Finding Einstein Metrics 

Using the above observations, we now have a procedure for recovering an Einstein, or solsoliton, metric on 
a solvable Lie group when it exists. 

Proposition 5.4. Let G be a solvable Lie group which admits a non-flat Einstein or solsoliton metric. The 
solsoliton metric may be obtained by following two consecutive curves of metrics. 

Let (•, -}o be any initial metric. The first curve (■, -) t , t G [0, 1], goes from the initial metric to a so-called 
'distinguished metric' via a negative gradient flow. The second curve (■, -) t , t G [1, 2], joins the distinguished 
metric to the solsoliton metric by simply modifying the metric on the orthogonal complement a of the nilradical 
n. 

Remark. A similar result holds for solvable Lie groups admitting flat metrics. Here one just uses the first 
curve described above, cf. Proposition ^. 4\ 

Proof. We realize this theorem by evolving the bracket instead of the metric. Identify the metric Lie algebra 
{fl, ( ' )} with s M for some fx G V. The first curve comes from flowing /i along the negative gradient flow 
of F = ||m|| 2 . This converges within the isomorphism class GL„R • /j, as the orbit is distinguished (see 
Proposition 14. 4p . This limit is a distinguished point. 

The second curve is realized by changing the metric on a x a as in the proof of Proposition 14.41 



Remark 5.5. In the event that the solsoliton is a flat Einstein metric, the second curve simply rescales the 
initial metric, however, when the solsoliton is not a flat Einstein metric, then the second curve consists of 
genuinely distinct metrics (i.e., non-homothetic metrics). 



Proposition 5.2. fSja98^ The omega limit set u>(j>) is a single point. 




for t G [1,2]. 



□ 
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Solitons and isometry groups 

The following is an immediate consequence of Theorem 15.31 

Corollary 5.6. Consider G a real algebraic reductive 0-stable subgroup of GL(n,M) acting on V. Let G -p 
be a distinguished orbit and <Poo{p) os above. Then K p C K^ip)) where K = G e and K q is the stabilizer 
subgroup at q. 

Proof. This follows from the i*T-equivariance of vtlq and the uniqueness of integral curves of the negative 
gradient flow of ||7tig|| 2 - In fact, one has K p C K Vt ( P ) and the result follows by taking the limit. □ 

Theorem 5.7. (Jab09j Consider a 0-stable subgroup G of GL(n,M.) acting on V (as in Section^. Suppose 
H is a 9-stable group of automorphisms of [i £ V. Consider the centralizer of H in G 

Z G (H) = {g e G | gh = hg for all h eH,g e G} 

Then Zq(H) is reductive, 9-stable and G-fi is a distinguished orbit if and only if Zq(H) ■ /i is a distinguished 
orbit. Moreover, along the orbit Zq{H) ■ fi, mg = mz G (H)- 

Remark. In the above, there is no ambiguity as to the meaning of distinguished since m,Q = m Zc r H \ along 
the subset Zq{H) ■ /i. 

The group H being a group of automorphisms means precisely that H is a subgroup of the stabilizer of 
GL(n,W) at (i, and H being 9-stable automatically makes H reductive. 

This theorem has been used to construct continuous families of Einstein nilradicals and non-Einstein 
nilradicals (cf. [Jab09] ). We use this theorem to narrow our search for soliton metrics and to help prove the 
following. 

Theorem 5.8. Let S be a completely solvable unimodular group admitting a solsoliton metric. Let g be any 
left-invariant metric. Then there exists a left-invariant soliton metric g' such that Isom(S, g) C Isom{S,g'), 
as groups. 

Corollary 5.9. Let N be an Einstein nilradical. Let g be any left-invariant metric. Then there exists a 
left- invariant soliton metric g' such that Isom(N,g) C Isom{N,g'), as groups. 

Remark 5.10. In this way, we see that these soliton metrics are the most symmetric (left-invariant) metric 
that such nilpotent and solvable groups can admit. 

Proof. Recall that a completely solvable unimodular Lie group admits a solsoliton metric if and only 
if GL(n,M.) ■ fi is a distinguished orbit (Theorem I4.6[) . To show that such metrics have maximal isometry 
groups, we use an intermediate metric, a distinguished metric (i.e. critical point of F = ||m|| 2 ), in which the 
isometry group embeds and then show that this metric has the same isometry group as a particular choice 
of soliton metric (cf. Section |4]). 

Recall that the isometry group of a completely solvable unimodular group is its algebraic isometry group, 
i.e. Isom{S ll ) = X (Aut(/J,) fl 0(( , )). Given g G GL(n, E), Aut(g*/j,) = gAut^g' 1 and the orthogonal 
group 0( (g-'Yi, )) T g~ 1 0((, ))g, as (g^)* <;,■> = (ff-, <?•>■ 

The following metric Lie algebras are isometric 

{W n ,g*fj l , (■, •)} ~ {R",M> (9 _1 )*( - > •)} 
see Section [21 and the corresponding Riemmanian solvable Lie groups are isometric 

At e G Sfi, the isometry group of {S^, (g -1 )*{-, ■)} has isotropy subgroup 

Aut(p) n 0( (g-'Ti , )) = g-^Auttfn) H 0(( ,)))<? 
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Step 1. Let Sfj, be a Riemannian solvable group which admits a solsoliton metric. Let H = Aut(pi) n 
0(( , )); this subgroup is 0-stable. By Theorem 14.61 the orbit GL(n,M) ■ fj, is distinguished and by Theorem 
15.71 the orbit Zq{H) ■ (jl actually contains the limit of the negative gradient flow of F = ||m|| 2 . Let 
g 6 Zg(H) be such that g ■ fi = ^qq. 

By Corollary 15.61 we see that 

Aut(p) n 0(( , }) = Kfj, c Kg.n = Aut(g*ii) n 0(( , )) 
where K = 0(n,R). Using the fact that g £ Zg(H), we obtain 

Aut(n) n 0(( , )) = g-\ Aut(fi) n 0(( ,)))gc g-\Aut{g*n) n 0(( , )) ) g = Aut(^) n 0( (g- 1 )** , )) 
As the underlying Lie group structure of {5 M , ( , }} and (g~ 1 )*( , )} is the same, have have 

Isom(S^, ( , )) C 7som(5 (U , , )) 

as Lie groups. 

Step 2. So far we have imbedded the isometry group of into the isometry group of a distinguished 
metric (these are isomorphic as Lie groups). Write = a X n. We have already observed that the 
metric on s^< can be transformed into a solsoliton metric by simply rescaling the metric on o and this does 
not change the isometry groups, see Remark |4~51 This completes the proof. 

□ 

Characterization of solvable algebras admitting Einstein and solsoliton metrics 

Theorem 5.11. Let n be an Einstein nilradical and denote the algebra of derivations by Der(n). Let 
a C Der(n) be an abelian reductive subgroup. If no element of a has only purely imaginary eigenvalues, then 
s = okh admits a solsoliton metric. Moreover, every solvable algebra admitting a non-flat solsoliton metric 
arises this way. 

Corollary 5.12. If in addition to the above hypotheses, a contains some pre-Einstein derivation D, then 
s = a k n admits a negative Einstein metric. Moreover, every solvable algebra admitting a negative Einstein 
metric arises this way. 

The above characterization of solvable Lie groups admitting negative Einstein metrics is essentially a 
combination of the above characterization of solsolitons together with Lauret's structural results, cf. Theorem 
12.81 As such, we leave the proof of the corollary to the reader. The definition of pre-Einstein derivation may 
be found in Definition 18. II 

Below we will prove that the algebras described above admit solsoliton metrics. The fact that all solsoli- 
tons have such a rigid algebraic structure is the work of Laurct, sec Theorem 12.81 

Proof of Theorem \5.11\ Take a as above and consider it as a subalgcbra of jj[(n M ). Let A be the connected 
subgroup of GL(xifi) with Lie algebra a. Denote by A the Zariski closure of A in GL(n M ) (i.e., the smallest 
algebraic group containing A) and its Lie algebra by a. As Aut(n^) is an algebraic group, A C Aut(n fl ). 
Moreover, A is abelian and reductive. The fact that A is abelian follows immediately from being the closure 
of an abelian group. To see that this group is reductive, one can 'diagonalize' a to see that A is a subgroup 
of a torus (abelian, reductive) of Gi(n M ) and hence has no non-trivial nilpotent elements. 

It is a classical fact that there exists g £ GL(n,M) such that gag -1 is 0-stable since A is both algebraic 
and reductive, see |Mos55| . Now ao = gag -1 is a reductive, abelian subalgcbra of Der(g*fi) and 

o X n M ~ a x n g> 

via the isomorphism which is the identity on a and g on n M . The nilpotent Lie group N g *^ is an Einstein 
nilradical if and only if is so, as they are isomorphic. 
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We will apply Theorem !5.7l to the subgroup A = gAg^ 1 C GL(n,R) with Lie algebra ao = gag^ 1 . This 
group is 0-stable as its Lie algebra is so. Let fj,Q = g* \i and consider the limit /Zoo of the flow /i t . The 
Riemannian nilpotent Lie group is a nilsoliton and /i^ = g'*fio for some g' G ^GL(ti.i)(^o)- As g' 

commutes with ao we see that the following solvable algebras are isomorphic 

but the last metric algebra satisfies all the criteria of Theorem 12.81 to be a solsoliton metric Lie algebra. □ 
Construction of the finer subgroup Ig{H) C Zq(H) C G 

In the above proofs, one can use a smaller subgroup of Z G (H) whose orbit will contain critical points of 
F = | m G 1 1 2 . This group will be used in Section |H] to construct the algorithm that determines when a 
nilpotent Lie group is an Einstein nilradical. 

Proposition 5.13. Let H be a 9-stable subgroup of Aut(fi), as in Theorem \5. 7[ Assume G fl Aut(/j,) = H, 
i.e. the stabilizer at /i of the group G acting on V — A 2 (M n )* <E> R" is H . 

There exists a real algebraic reductive subgroup Ig{H) of G such that Zg{H) = L G (H)(Z G {H)C\H) where 
Zq{H) n H is the stabilizer subgroup of Z G {H) at pi and the Lie algebra of Iq(H) satisfies 

i G (H) = {X e 3g(#) I tr(XY) = for all Y e iG (H) n f)} 

Moreover, the orbits coincide, i.e. Iq(H) ■ fi = Zq{H) ■ fi. 

Here the Lie algebra Ig(H) = $ s (t)) of Z G (H) is the commutator of I) in g. One can see by direct 
calculation that i G (H) is a Lie subalgebra. We show that its corresponding Lie subgroup of GL(n,M.) is an 
algebraic group so that we can exploit the methods of Section [3] 

Definition 5.14. An element X € gI(n,R) will be called algebraic if it is tangent to a real algebraic 1- 
parameter subgroup of GL(n,M). More generally, a Lie subalgebra will be called algebraic if it is tangent to 
an algebraic subgroup of GL(n, R). 

An element X £ is called reductive if it is semisimple (over C). We observe that if G C GL(n, R) is any 
real reductive algebraic subgroup, the set of reductive algebraic elements of q is dense. As we are considering 
G which are 0-stable, the following bilinear form is an inner product on q 

(X,Y) = tr{XY l ) 

Given a 0-stable element a € q (i.e. a is symmetric or skew-symmetric), we define the subalgebra 

Q a Qa = {Xeg a I triXa 1 ) = 0} 

where g Q = {X G g | [X, a] =0}. Since a* = ±a, it follows that g Q a is 0-stable and an ideal of g Q . 

Lemma 5.15. The subalgebra g a Q a is an algebraic Lie subalgebra. 

From this lemma, the proposition above quickly follows. To see this, observe that 3 g (f)) fl f) is (9-stable 
and decompose 3 a (f)) fl f) = (3 D f))t © (3 H t)) p into its Cartan decomposition. All the elements contained in 
(3 n f))t and (3 n h) p are algebraic reductive elements. Now apply the above lemma to all these algebraic 
reductive elements and use the fact that the intersection of algebraic groups is algebraic. 

Proof of lemma. The cases of a symmetric and skew-symmetric must be handled separately. 

Case: a symmetric. Every such a is conjugate via 0(n, R) to a diagonal matrix. As the above inner 
product is Ad 0(n,R) invariant and the conjugate of an algebraic group is algebraic, we may reduce to the 
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case that a is diagonal. Also, we may reduce to the case G = GL(n,M) as the intersection of algebraic 
groups is algebraic. 

Further more, we may assume (via conjugation by 0(n,ffi)) that the eigenvalues are weakly increasing: 
a = diag{ai, . . . , a\, . . . , a,k, ■ ■ ■ , dfe}- The eigenvalues a% are rational as a is algebraic. Now the subalgcbra 
g Q consists of block diagonal matrices g[(ni,IR) x • • ■ x g[(n£,IR). This is clearly an algebraic Lie algebra 
whose Lie group G a consists of the block matrices which are invertiblc. 

The condition X G g Q is now EojXj = where X = blockdiag{Xi, . . . ,Xk}. Write g G G a as a block 
diagonal matrix g = blockdiag{gi, . . . , gk}- Then the algebraic group with Lie algebra g a a is 

{g G G a | II det(g t )« a ' = 1} 

where q is the common integer such that qat G Z for all i = 1, . . . , k. 

Case: a skew-symmetric. To prove the result in this case, we reduce to the above case and use complex 
algebraic groups. We will construct a complex algebraic group whose intersection with GL(n, R) is the 
desired Lie group. This Lie group will be algebraic as it is the intersection of algebraic groups. We refer the 
reader to Whi57 for an introduction to the relationship between real and complex varieties. 

Observe that the above work for a symmetric could have been carried out over C. Consider = {X G 
g[(n, C) | [X, a] = 0}. Observe that ia has real eigenvalues (which may be assumed to be rational as above) 
and that = gf a and g„ a = gf a ia. By conjugating with U(n) C GL(n,C), we may assume ia is 
diagonal. Following the above work, but with complex groups instead of real, we have a complex algebraic 
group over gjj a = gf a ia. Moreover, this group intersected with GL(n,M.) is a real Lie group with the 
desired Lie algebra. Counting dimensions, we see that the real points of this complex algebraic group are 
Zariksi dense and hence this Lie group is real algebraic. □ 

6 Compact nilmanifolds 

In this section we apply the above results to compact quotients of nilpotcnt Lie groups that admit soliton 
metrics. 

Definition 6.1. Let (M,g) = (T\N,g) be a compact nilmanifold where T C N C Isom(N,g), g is a left- 
invariant metric, and the metric on M is the induced metric coming from N . The metric g on T\N is called 
a local nilsoliton if (N, g) is a nilsoliton. 

As in the case of Ricci solitons on nilpotent Lie groups, local nilsolitons may be characterized as critical 
points of a functional restricted to the set of locally A^-invariant metrics. In fact, these metrics are minima 

of the function F(g) = ^¥ -^Jr^jf dVoi 3 ' restricted to the set of locally A-invariant metrics, see [JablOj for 
this point and more analysis on this functional. 

Remark 6.2. While nilsolitons are unique on a simply connected nilpotent Lie group (up to rescaling and 
isometry), this does not remain true for local nilsolitons on compact quotients. 

On compact nilmanifolds, local nilsoliton metrics are the most symmetric among all locally-left-invariant 
metrics (cf. Corollary 15. 9[) . 

Theorem 6.3. Consider M = T\N endowed with a locally left-invariant metric g where A admits a nil- 
soliton. Then there exists a local soliton g' on M such that Isom{M,g) C Isom(M, g'). 

Proof. The proof reduces to the corresponding statement on simply-connected covers: Corollarv l5.9l 

Let <j) G Isom{M,g) and consider the Riemannian quotient 7r : A — > T\N. The map <fr lifts to a 
diffeomorphism <fi : A — > A such that ir o <f> = <fi o ir. As (r\A, g) and (A, g) are locally isometric via w and 
<t> is an isometry, we have (f> G Isom(N,g). Conversely, every isometry of M arises from G Isom(N,g) 
satisfying the condition 

0(Tn) = T~4>(n) for all n G A (6.1) 
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Observe that this condition is independent of any metric data. 

By Corollary 15.91 there exists a nilsoliton g' on N such that <fi is an isometry of (N,g') and this choice 
of g' holds for all cj>. As the above relation (|6.1[) still holds, the diffeomorphism cf> : M — > M is an isometry 
relative to g' . □ 

Theorem 6.4. The existence of a local soliton depends only on the fundamental group. 

Proof. This is a consequence of the classical fact that the fundamental group F completely determines the 
nilpotcnt group N. More precisely, let Li, Y2 be the fundamental groups of compact nilmanifolds ri\iVi and 
Y2\N2- If <t> '■ Ti — > Y2 is an isomorphism of abstract groups, there exists an isomorphism $ : N± — )• N2 of 
Lie groups such that <f> = $|ri, se e |Rag72| Theorem 2.11 and Corollary 2]. 

The claim now follows from the algorithm of Section [§] which shows that the existence of nilsolitons on 
Ni is a property of the underlying Lie algebra. □ 

Remark. The above theorems on compact nilmanifolds hold for infranilmanifolds as every infranilmanifold 
is finitely covered by a compact nilmanifold. 

7 Stratifying the space V 

To refine our analysis of the Riemannian Lie groups S^, and the function F = ||t7i|| 2 , we stratify the space 
V. Using this stratification, we obtain a decomposition of the automorphism group Aut{ji) which aids in 
the construction of algorithms to determine the existence of soliton metrics, see Lemma 17.71 
Denote the critical set of F = \ \m\\ 2 by C 

Theorem 7.1 ( [Lau07l ILW07] ) ■ There exists a finite subset B C Q, and for each j3 G B a GL n M.-invariant 
smooth submanifold Sp C V (a stratum), such that 

V\{0} =[_\s 

This stratification satisfies Sp — Sp — U||/3'||>||^|| ^8'- Additionally, € = Ll/Jes^ where Cp C Sp are the 
critical points with critical value Mp = |[/3|| 2 . 
For n G Sp, following conditions are satisfied: 

i. ([/3, D], D) > for all D G Der(fi) with equality if and only if [/3, D] = 0. 

ii. j3 + \ \P\\ 2 I is positive definite for all f3 G B such that Sp flJV^ 0. 

Hi. ||/3|| 2 < ||m(/i)|| 2 with equality if and only if m([i) is conjugate to (3 under 0(n). 
iv. tr (3D = for all D G Der{y). 

v. (ir(/3 + 1 | 2 /)/i, /i) > with equality if and only if f3 + \ \/3\\ 2 I G Der(/j,). 

Remark. The finite subset B C Q consists of diagonal elements, with positive entries on the diagonal which 
are (weakly) increasing. 

We will not reconstruct this stratification and direct the interested reader to those works above. Instead, 
we describe the necessary properties below that suit our needs. This stratification is the real analog of 
well-known stratifications in Geometric Invariant Theory over algebraically closed fields. For representations 
of complex reductive groups, such stratifications coincide with a Morse theoretic stratification coming from 
F = I H| 2 . This result remains true in the setting of real representations and is an immediately consequence 
of Theorem EU 
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Given a G diag C g[(n, R), the diagonal matrices, we define the following groups 
G a = {g G GL(n,M) \ gag~ l = a] 

U a = {g G GL(n,M.) \ exp(ta) g exp(-ta) — > e as t — > — 00} 
P a — G a UoL 

P a is the parabolic associated to a with unipotent radical U a and reductive complement G a . As of = a, G a 
is 0-stable and has a Cartan decomposition G a = K a exp(p a ) (cf. definition of Cartan involution in Section 
[3]). When a £ B, the eigenvales of a are weakly increasing and the group G a consists of block diagonal 
matrices (which commute with a) while U a is the group of lower triangular elements beneath the blocks of 
G a . 

Define the subgroup H a as the group with Lie algebra f) Q = {X G g a | tr(Xa) = 0}; this is actually an 
algebraic group. In the following proposition, we maintain the notation from |Lau07j . 

Definition 7.2. A point v G V is called H a -stable if H a ■ v. 

Proposition 7.3 (Lauret). Given j3 6 B, there exist subsets Zp and Yp with the following properties: 
i. Yp is Pp-invariant, Y| s — YpnSp consists of Hp-semi-stable points and Sp = 0(n)Y^ s 
ii. For y G Yp, {g G GL(n,R) g ■ y G Yp} = Pp 

Hi. Zp = {v G Yp I tt(/3)v = \\l3\\ 2 v}, Zp is Gp-invariant, Sp (~) Zp = Z% s (the Hp -semi-stable points of 
Zp) and Sp = GL{n,M)Zf = 0{n)PpZf 

iv. The Hp orbits intersecting Zp n £p are all closed. 

Remark. Part ii above does not appear in \LauOT\l . However, one can show this immediately just as in the 
complex case (cf. Lemma 13.4 0/ \Kir84^ ). 

The following theorem and its proof have appeared in a more general form in [HSS08] . In our setting, a 
short proof is readily obtained, and so we include one for completeness. 

Theorem 7.4 (Heinzner-Schwarz-Stotzel). Consider [i G Sp. There exists a unique GL(n,R)-orbit in 
GL(n,WL) ■ \i fl Sp intersecting <tp. The closed orbits in Sp are precisely those intersecting <tp. 

Proof. Take fi G Sp. As Sp = 0{n)YS s , we may assume \i G Yp and thus GL(n,M) ■ fi = 0(n)PpfM. Since 
0(n) is compact, we see that GL(n,R) • fj, = 0(n)Pp ■ fj,. 

Consider any point y G Yp and the curve exp(tf3) ■ y with limit y_oo as t — > —00 (this limit exists by the 
definition of Yp). Observe that exp(t/3)(Pp ■ y) — > Gp ■ y-00 as t — > —00. To see this, write g G Pp as g = g\g2 
with gi G Gp and <?2 € Up, then exp(tf3) ■ gy = g\ exp(t/3)g2exp(—t/3) exp(tf3) ■ y — > g\ e y_oo- 

Now take y G GL(n,R) ■ fj, n <£p. By the above theorem, there exists k G 0(n) such that k ■ y G Zp. So 
we may assume k = e and y G GL(n, R) • /1 n £p H Zp. This point is fixed by exp(t/3) and we see that 

Gp - y C Gp ■ n-oo 

by applying exp(tj3) and letting t — > —00. 

As y and /i_oo are both eigenvectors for j3, we see that under the map V — > PV, v n> [v], Hp ■ [y] c 
Hp\jj,-oo]. Now, as Hp ■ y is closed, the uniqueness result follows from R S90) . □ 

The above theorem answers Question 13.41 

Corollary 7.5. Let N^ be an Einstein nilradical. Let fx^ denote the limit point of the negative gradient 
flow of the function F = ||?n|| 2 starting at [1$. Then /i^ is contained in the orbit GL n M. ■ /Lto; that is, N^ 
and iV Moc are isomorphic Lie groups. 

Proof. This follows immediately from the fact that the limit fi^ eSpfl GL(n, R) • fj, and the orbit GL(n, R) • 
Ho is closed in Sp. □ 
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Automorphisms of Einstein Nilradicals 



Given that nilsolitons are precisely the critical points of F = \\m\\ 2 (Theorem I3.3p we have the following 
decomposition of Aut(n). The following decomposition holds more generally with (i being the critical point 
of ||to|| 2 and Aut(n) being replaced by the stabilizer subgroup of an action. In particular, there is a similar 
decomposition of the automorphism group of a solvable Lie group admitting a solsoliton. 

Proposition 7.6. Let \i € H be a soliton in the stratum Sp. Let Gp be the centralizer of (3 in GL n WL and 
Up = {g £ GL n M. | exp(t/3)gexp(—t/3) — > e as t — > — oo}. Then the automorphism group of decomposes 
as 

Aut(fi) = G U P = K p exp{p p )U 
where G 13 =Gpll Aut, K 13 = 0(n) nGpD Aut, exp(p p ) = exp(symm(n)) nG^fl Aut, U@ = Up D Aut. 

Proof. This result follows quickly from Proposition [731 Let /i £ Sp be the nilsoliton of interest, where Sp is 
the stratum defined above. By considering 0(n) translates of /z, we may assume that /i £ Zp. 

Let g £ Aut(n). Since g • fi = fi £ Zp C Yp, g £ Pp by Part H. of Proposition 17.31 and we may write 
.9 = .9i52 where g\ £ Gp and g-i £ Up. Observe that exp(t(3) g exp(—t(3) also stabilizes fi and letting t — > —oo 
we see that g 2 £ Aut{y) and hence g\ £ Aut(fi). This shows Aut(fi) = G^U 13 . 

Given g £ G@ , write g = k exp(X) where k £ Kp and X £ pp; this is possible as Gp is stable under 
the transpose. Observe, ||m(/x)|| = \\m(g ■ /j,)\\ = \\m(exp(X) ■ /j,)\\ and by [NM841 Lemma 7.2] we see that 
exp(X) ■ (i = (j.. Thus exp(X), k £ Aut(fj.) and the theorem is proved. □ 

There is an analogous decomposition of Der{[i) as above. The following is presented for later use. 

Lemma 7.7. Take a nilsoliton with Einstein derivation /3 and derivation algebra Der(/J,) = t@ © p 13 © u@ . 
Every element of the form 

P + X, with X £ 

is semi-simple (i.e. diagonalizable) . 

Sketch of proof. The proof of this fact is analogous to showing that any upper triangular matrix with non- 
zero distinct entries on the diagonal can be diagonalized. One carries out similar computations in this case 
(as the entries of /3 are all positive and vJ 3 has an appropriate block structure) to show that (3 + X can be 
conjugated to /? via Up. □ 



8 Pre-Einstein derivations 

Let n M be an Einstein nilradical with Ricci tensor Ric^ = cLd + D, for some c £ R and D £ Der([i). This 
derivation is scmisimple with real, positive eigenvalues and satisfies the condition 

tr{Dijj) = — c tr ip 

for any ip £ Der(fi). The derivation D satisfying Ric = eld + D is called an Einstein derivation as its 
existence is necessary for solvable extensions of to admit an Einstein metric. As such, we make the 
following definition. 

Definition 8.1. A derivation <f> of a Lie algebra s M is called pre-Einstein, if it is semisimple, with all 
eigenvalues real, and 

tr((j)tjj) = tr tp , for any ip £ Der(/x) (8-1) 

The so-called Einstein derivation D gives the pre-Einstein derivation 4> = -zr, and viceversa. Remarkably, 
determining the pre-Einstein derivation almost completely determines when a nilpotent Lie algebra admits 
a nilsoliton metric. This derivation first appeared in NikOSa . 

Theorem 8.2. \Nik08a^ 
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i. (a) Any Lie algebra s M admits a pre-Einstein derivation <p^. 

(b ) The derivation (j)^ is determined uniquely up to automorphism of S M . 

(c) All the eigenvalues of <f>^ are rational numbers. 

ii. Let be a nilpotent Lie algebra, with (j) a pre-Einstein derivation. If is an Einstein nilradical, then 
its Einstein derivation is positively proportional to <fi. 

Remark. Part ii. above is particularly useful as it can be difficult to determine, a priori, which stratum 
\x belongs to ( cf. Section |^|). Moreover, we will see that determining the pre-Einstein derivation reduces to 
solving a system of linear equations (the condition of semi-simplicity can be discarded, cf. Proposition \8.4\ l- 

Let be a nilpotent Lie algebra with a choice of pre-Einstein derivation M . Associated to tfi^ we have 
the following subalgcbra 

0n = i(^)nker(T) c*[(n,R) 

where 3(</> M ) is the centralizer of 0^ and T(A) = ^(Acf)^). Let Cj, C SL(n,M.) be the Lie group with algebra 
Qcj,^ , this is an algebraic group. 

Theorem 8.3. fNik08aV For a nilpotent Lie algebra n M with a pre-Einstein derivation <fi, the following 
conditions are equivalent: 

i. is an Einstein nilradical 

ii. the orbit G§ ■ \i <ZV is closed 

In this way, we see that the property of a nilpotent Lie group being an Einstein nilradical is intrinsic to 
its Lie algebra. We will build on this result to obtain an algorithm which determines the condition of being 
an Einstein nilradical using only local data, see Section [9] To simplify our work, we present the following 
reduction. 

Proposition 8.4. // is an Einstein nilradical, then any solution to Equation &8. 1}) will automatically be 
a pre-Einstein derivation, i.e. it is automatically semi-simple with real, positive eigenvalues. 

Remark 8.5. In this way, we see that if a solution to Equation i8. 1\) is not semi-simple, then the nilpotent 
group in question is not an Einstein nilradical. 

Proof. The proof amounts to analyzing Nikolayevki's proofs and combining those details with Lemma 17.71 
For the sake of completeness, we present Nikolayevski's proof of existence and uniqueness (up to conjugation 
in Aut) of the pre-Einstein derivation. 

First we find one pre-Einstein derivation. Let s M be a Lie algebra and denote by Der{p) its algebra of 
derivations; this is an algebraic Lie algebra (meaning it is the Lie algebra of an algebraic group). Consider 
a Levi decomposition Der(/i) = s © t © n where t © n is the radical of Der(fi), s is semisimple, and n is the 
set of nilpotent elements (the nilradical) of t © n, t is a torus (abelian subalgcbra with semisimple elements) , 
and [t, s] = 0. 

Recall, for ip G g[(n,M) a semisimple endomorphism, there exist semisimple endomorphisms ^ R and ip lR 
(the real and imaginary parts) which have real, resp. purely imaginary, eigenvalues such that ip = ip m + 
and all three endomorphisms commute. Moreover, the subspaces t c = {ip tM \ ip £ t} and t s = {?/» R | <fi G t} 
are the compact and the fully Rreducible tori (the elements of t s are simultaneously diagonalizable) with 

t s © tc = t. 

We will find a pre-Einstein derivation contained in t s . Consider the quadratic form b on Der([i) defined 
by 6(V>i, ^2) = trfyifa)- It is a general fact that n is in the kernel of this quadratic form, hence 

b(t, 4>)=0 = tr(ip) 

for any i/j e n. Using the ad-invariance of b (that is, b{ipi, [^2)^3]) = ^dV^i V'l]; ^2)) an d that s = [s,s] is 
semisimple, we see that 

6(t,V0 = = tr(tp) 
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for any i/j £ S. Thus it suffices to solve Equation (|8.ip with (f>, i/j £ t. Additionally, observe that 

&(t 8 ,V0 = o = MV>) 

for any i/> G t c . Lastly, as the quadratic form b restricted to t s is positive definite, the existence (and 
uniqueness in t) follows. 

To obtain the uniqueness of the pre-Einstein derivation up to conjugation in Aut, Nikolayevski exploits 
a theorem of Mostow |Mos561 Theorem 4.1] which says that all fully reducible subalgcbras of Der(^) arc 
conjugate via an inner automorphism of Der(fi). Lastly, as the center of a reducible algebra is uniquely 
defined, we have the desired result. 

Now we analyze this proof to study all solutions to Equation (|8.1I) . Let A e s © t be a solution to 
tr(Aip) = for all tp 6 Der(n). We will show that A = 0. To see this, first assume that our Lie algebra 

is endowed with an inner product so that s © t is stable under the transpose operation. This is always 
possible; when n M is an Einstein nilradical such a metric is explicitly given in Proposition 17.61 Using this 
inner product, ip = A* £ Der(/j,) and = tr(Aijj) = ir(AA*) implies A = 0. 

Let </> £ t be a pre-Einstein derivation of n M , the above work shows that any solution to Equation (|8.1[) 
is of the form (f> + X where X £ n (the nilpotent part of the radical of Der(ii)). And applying Lemma [7T71 
we are finished. □ 



9 Algorithm to determine Einstein nilradical 

In this section, we demonstrate how the existence of a nilsoliton on a nilpotent Lie group can be read off 
from local data. More precisely, let N be a nilpotent Lie group of interest with Lie algebra n. To determine 
if N admits a nilsoliton, one only needs to analyze Der(n) and certain infinitesimal deformations of any 
initial left-invariant metric on N. 

Theorem 9.1. The existence of a nilsoliton metric on a nilpotent Lie group N is intrinsic to the underlying 
Lie algebra n. More precisely, one can determine the existence of such a metric by analyzing the derivation 
algebra Der(n) and infinitesimal deformations of any initial metric on n. 

Remark 9.2. The existence of a nilsoliton being intrinsic to the Lie algebra was first shown by Nikolayevsky 
\Nik08af . Here it was shown that the existence of such a metric is equivalent to an orbit of a particular 
reductive group being closed in the space of Lie brackets (see Theorem \8.3\) . However, it was not shown that 
this could be determined by measuring local data. 

Before Nikolayevsky 's result, it was shown by Lauret JLauOlaf that the existence of such a metric is 
equivalent to the full GL n R-orbit in the space of Lie brackets being so-called distinguished . However, it was 
not known before the present work that this condition may be determined locally. 

Algorithm to determine if N is an Einstein nilradical 

Step 1: Find a solution </> to 

tr(4>ip) = tr(ijj) for all ip e Der(n) 

If the solution is 4> is not semisimple (i.e. diagonalizable) with (positive) real eigenvalues then stop, n is 
not an Einstein nilradical. 

If <f> is semisimple with (positive) real eigenvalues, then continue; this is a pre-Einstein derivation of n (cf. 
Definition 18.11 and Proposition [S3]). (Remark: positivity of the eigenvalues will be automatic if the following 
steps are valid.) 

Step 2: Consider the subalgebra t) M := f) Der{n). These are the derivations which are traceless and 
commute with 0, see paragraph following Theorem l8.2l 

If f)^ is not reductive, then stop, n is not an Einstein nilradical. 
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If t) M is reductive then continue. 

To determine if this algebra is reductive: 1) compute its radical, then 2) compute the set of nilpotent 
elements of this radical. The algebra is reductive if and only if the set of such nilpotent elements (in the 
radical) is trivial. 

Step 3: C onsid er the subalgebra = {X E ^(f^) | tr(XY) = for all Y E 3 B< »(M n W ( cf - 

Proposition 15 . 13p . where 3 Q (fr) denotes the centralizer of b in a. Let V denote the matrices of gI„R which are 
diagonalizable over R; i.e., V = gig 1 , where t = diagonal matrices of 0l„R. 

g£GL n R 

Let n = n M corresponding to some point /j, E V = A 2 (R™)* <g) K™ (see Section [3]). For X E i g (i)^) H T>, 
write fi = a,/ii, where [ii is an eigen basis for X, i.e., X • /i = ^ A^cii/ii. 

If there is some X E i^^)^) H 2? such that Ai > whenever ^ 0, then n is not an Einstein nilradical. 
If for every X above there exists i with A,; < and at ^ 0, then n is an Einstein nilradical. 

Remark 9.3. In Step 3, 

1 ) The identification of n with fi E V is made by picking a basis of the vector space. This is tantamount 
to prescribing n with an orthonormal basis, and hence, endowing N with a choice of left- invariant metric. 

2) The X ■ fi, with X E 0(„R, precisely represent infinitesimal deformations of the above choice of left- 
invariant metric. 

3) The algebra f) M is reductive (once getting to Step 3). If the inner product from makes f) M stable 
under the metric adjoint (and there will always be such a fi with this property), then Step 3 may be replaced 
by the following. 

Step 3': Assuming f) M is stable under the adjoint relative to the inner product on n^, we may reduce the 
collection of X considered in Step 3 to those X E i S s(h/j,) H p, where p = {Y E t) M |Y* = Y}. 

Remark 9.4. The verification of Steps 1 and 2 above can done by a computer. It is not immediately clear 
to the author if Step 3 can be adapted to be implemented by a computer. 

Proof of the algorithm above 

Step 1: This is the content of Proposition [ST4] 

Step 2: To prove this portion of the algorithm, we will go ahead and identify n with n p , for some n E V . 
The algebra () = 0</> H Der(n) is precisely the stabilizer subalgebra of at /i. As we have fixed a basis of 
our Lie algebra, we may view fj C 0l(n,M). 

In Theorem 18.31 it was shown that n M is an Einstein nilradical if and only if ■ [i is closed, where 
is the (alegbraic) Lie group with Lie algebra g^. It is well-known that an orbit being closed implies the 
stabilizer subgroup is reductive, see |RS90| . Lastly, the stabilizer subgroup is reductive if and only if its Lie 
algebra f) is reductive. 

Step 3: As f) and 4> are reductive, there exists g E GL(n,M) such that gtjg -1 and g</>g _1 are simultaneously 
0-stable, i.e. closed under the transpose operation, see |Mos55j . Observe that 

gDer(\i)g- x = Der(g ■ fi), 

g$g~ x is a pre-Einstcin derivation of g ■ /i, 

Zs^-Abg-n) = gia^^g' 1 , and 

i»„ B -i(W = .9W(U<r 1 
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Moreover, G g ^ g -\ ■ (g ■ [i) = gG t pg~ 1 g/j, = g{G$ ■ /x) is closed if and only if G^ ■ \i is closed. As such, we may 
reduce to the case that () M and 4> are ^-stable. 

Since (f> is 0-stable, we immediately have that is ^-stable. Similarly, 3 Bt/ ,(f) M ) is 0-stablc. Now ig^f)^) 
is precisely the Lie algebra of the algebraic reductive group Ig^H^) from Proposition where is the 
Lie group with Lie algebra ti M . 

By Theorem 1 5. 71 G^ ■ fi is closed if and only if Zc^itlp) is closed. And since Iq^H^ ■ p = ZQ^iLLy) ■ p, 
we see that n M is an Einstein nilradical if and only if Iq^ (H^) ■ (i is closed, see Proposition 15 . 1 3l and Theorem 



Observe that the stabilizer subalgebra of i g<t> (t}^) at fj, is trivial since it is contained in the stabilizer of 
at \i (which equals f) M ) and ^(f^) is orthogonal to f} M under the inner product (A, B) = tr(AB f ). Hence, 
the stabilizer of Ig^H^) is finite (as it is discrete and algebraic). 

As the stabilizer of Ig^H^) at pi is finite, we may apply the 'Hilbert-Mumford criterion' to determine 
when Iq^H^) ■ fi is closed. This criterion was adapted to the real setting in |Bir71j which states (in our 
setting) 



Roughly speaking, this criterion says that closedness of an orbit is equivalent to closedness of the orbits of 
all algebraic reductive 1-parameter subgroups. 

To finish, we write exp(tX) ■ n = expt{tX) ^ Q-iPi = ^2 e^aiHi where ^ is the eigenvector of X above. 
This set is not closed if and only if for all i such that a; ^ 0, either all Xi > or A, < 0. Observe that 
replacing X with —X changes the sign of the eigenvalues above and this step is proven. 

Step 3': Reducing the Hilbcr-Mumford criterion to this smaller set of symmetric elements of f)^ is the 
content of [RS90] , 

10 Algorithm to determine if a solvable Lie group admits a left- 
invariant Einstein metric 

In this section, we show that the existence of an Einstein metric on a solvable Lie group can be determined 
by purely local data, as in the case of nilsolitons and nilpotent Lie groups. A similar algorithm can be 
written to test for the existence of solsoliton metrics. 

Theorem 10.1. Let S be a solvable Lie group with Lie algebra s. The existence of a left-invariant Einstein 
metric on S can be determined by analyzing the following: 1) adjoint action of S on itself, 2) the commutator 
subalgebra n = [s,s], and 3) infinitesimal deformations of any initial metric on n. 

Flat Einstein metrics 

Here we prove Theorem 110.11 in the case that scalar curvature is zero (such a Lie algebra is necessarily uni- 
modular). This amounts to showing that the solvable Lie algebra in question has the rigid algebraic structure 
described by Milnor, see Proposition 12.71 Note, this case does not require any infinitesimal deformations of 
metrics on n. 

Consider the adjoint action ad s C Der(s) on s. Compute the nilradical n of s, i.e., the set of nilpotent 
elements. Compute a Levi decomposition ads — T+9T, and let t C s be such that ad t = % and dim t = dim X. 

Lemma 10.2. If s admits a fiat metric, then i is an abelian subalgebra, ad T has only purely imaginary 
eigenvalues for T £ t, and dim t + dim n = dims. 

Proving this lemma proves the theorem as verifying the conditions on t in the lemma amount to simply 
analyzing the adjoint representation of s, and any algebra of this type admits a flat metric by Proposition 



IO 
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Proof of lemma. Assume s admits a flat Einstein metric. Decompose s = a + n where n is the nilradical and 
a is an abelian subalgebra such that ad A has only purely imaginary eigenvalues for A £ a, cf. Proposition 
IO 

Observe that ad s = ad a + ad n is a Levi-dccomposition of ad s. Thus ad a and T = ad t are equal 
up to conjugation by Aut(s) as they are both maximal reductive subalgebras of ad s (conjugacy of such 
subalgcbras is the main result of |Mos56] V As the relevant properties of a do not change after applying an 
automorphism, we may assume ad a — ad t. Now, the elements of t differ from the elements of a by only 
elements of the center. Hence t has precisely the same properties of a and the lemma is proven. □ 

Negative Einstein metrics 

Here we prove Theorem 110.11 in the case that scalar curvature is negative (such a Lie algebra is necessarily 
non-unimodular). Let S be the solvable group in question with Lie algebra s. Denote by n the commutator 
subalgebra [s,s] of s. (Note: when s admits an Einstein metric, this will be the full nilradical.) 

Step 1: 

If n is not an Einstein nilradical, then stop, S cannot admit a negative Einstein metric. 
If n is an Einstein nilradical, then continue. 

This step can be determined using the algorithm of Section |9] 
Step 2: Find a solution <f> to 

tr(<fnp) = tr(ip) for all ip £ Der(n) 

within the set ad s = {ad X \ X £ s} C Der(n). 

If there is no non-trivial solution in this subset, or the solution is not semisimple with (positive) 
real eigenvalues, then stop; S cannot admit a negative Einstein metric. 

If there is a non-trivial solution <fi = ad A^, and this solution is semisimple with (positive) real 
eigenvalues, then continue. Fix this choice of A^. 

This step can be verified using a computer for a given solvable Lie algebra of interest. As before, positivity 
of the eigenvalues will follow if the remaining steps are valid. 

Step 3: Compute 3«,(A ) = {Y £ s \ [Y, A ] = 0} 

If i 5 {X ( f > ) is not abelian or dim 3,5 (A^) + dimn < dims, then stop, S does not admit a negative 
Einstein metric. 

If i s {X$) is abelian, and dimj^A^) + dimn = dims, then continue. 

Recall, 3 S (A^) is automatically reductive as X$ is reductive, and } s (X ( j > ) being reductive abelian implies that 
no element is nilpotent. This step may be verified using a computer. 

Step 4: 

If some element of 3,5 (A^) has only purely imaginary eigenvalues, then stop; S does not admit a 
negative Einstein metric. 

If no element of 3 S (A^) has only purely imaginary eigenvalues, then S admits a negative Einstein 
metric. 

Proof of the algorithm above. 
Step 1: This fact is well-known, see |Lau07j . 

Step 2: This is the content of a theorem of Nikolayevsky, see Theorem 18.21 and [LaulOi Proposition 4.3]. 
Step 3: This follows immediately from |Laul01 Theorem 4.8]. 
Step 4: This is the content of Theorem 15. Ill 
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A Appendix: Closed orbits for general representations. 



The above work concerning the geometry of orbits holds in the more general framework of representations 
of reductive groups. We state this result and provide only a sketch of the proof, as the proof is similar to 
the above case. We do not know of this statement appearing in the literature before. 

Closed Orbits 

Theorem A.l. Let G be a real reductive algebraic group acting linearly and rationally on a vector space 
V . Determining whether an orbit G ■ v is closed in V can be determined using only data from the induced 
representation of the Lie algebra Q at the point v G V . 

In the following, we will only consider G which is semi-simple and use the Killing form B which is Ad(G)- 
invariant and symmetric. More generally, for a reductive group, one could use any bilinear form B : g x g — >• g 
which is Ad(G)-invariant, symmetric, and has the property that {X G | [X, a) — and B(X, a) = 0} 
is the Lie algebra of an algebraic group for any a£g which is tangent to a reductive, algebraic 1-parameter 
subgroup. The Killing form satisfies this condition. 

Sketch of proof . We follow the same argument as in Section 9. 

The first requirement is that f) = g v be reductive. Let 3 fl (f)) = {X G g | [X, fj] = 0} denote the centralizcr 
of f) in g. As before, consider 

ig(f)) = {*e3 g (f)) | B(X,Y) = 0iov all Y £ 3 (rj) n J)} 

These subalgebras are the Lie algebras of algebraic groups Zc(H) and Lg(H), respectively, where H = G v . 
The orbit G ■ v is closed if and only if Zg{H) ■ v = Lg(H) ■ v is closed. As Lg{H) has finite stabilizer and we 
may apply the Hilbert-Mumford criterion. 

Let V denote the matrices of gl„IR which are diagonalizable over R; i.e., V = gig 1 , where t = 

g<EGL n R 

diagonal matrices of gI„K. Given X G i g (h) fl V, write v = ^ a i v i where {v{\ is an eigenvector basis of V 
with X ■ Vi = XiVi. The Hilbert-Mumford criterion states: Ig{H) ■ v is not closed if and only if there exists 
X G i fl (f)) satisfying Ai > for all i such that ai ^ 0. 

In this way, we see that determining the closedness of G ■ v reduces to analyzing the stabilizer subalgebra 
q v and the representation of Q at v. □ 
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